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Critical dynamics of disordered magnets in the three-loop approximation
V. V. Prudnikov, S. V. Belim, E. V. Osintsev, and A. A. Fedorenko
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A field-theoretic description of the critical dynamics of magnetic systems with frozen
nonmagnetic impurities is given. The values of the dynamical critical exponent in the three-loop
approximation are obtained directly for three-dimensional systems using the Pade´–Borel
summation technique. A comparison is made with the values of the dynamical exponent for
homogeneous systems calculated in the four-loop approximation as well as with the
values obtained by Monte Carlo methods. ©1998 American Institute of Physics.
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It is well known that phase transitions in homogeneo
magnets change only for Ising magnets when randomly
tributed frozen impurities are introduced into the system1

The «-expansion method makes it possible to calculate
critical exponents for dilute magnets.2 However, the
asymptotic convergence of the«-expansion series in thi
case is even weaker than for homogeneous magnets.3 The
renormalization-group approach to the description of dis
dered magnets used in Refs. 4 and 5 directly for thr
dimensional systems, made it possible to obtain the value
the static critical exponents in the four-loop approximatio
However, calculations to such accuracy are lacking for
description of the critical dynamics of disordered system
This is due to the rapid growth of the volume of the calc
lations even in the lowest orders of perturbation theory.

In the present paper a field-theoretic description is c
structed for the critical dynamics of disordered magnets
rectly for d53 in the three-loop approximation. The mod
considered is a classic spin system with nonmagnetic im
rity atoms frozen at the lattice sites. The model is descri
by the Hamiltonian

H5
1

2 (
i j

Ji j pipjSi•Sj ,

where Si is a n-component spin variable,Ji j are the ex-
change translationally-invariant short-range ferromagn
interaction constants,pi is a random variable described b
the distribution function

P~pi !5pd~pi21!1~12p!d~pi !

with p512c, wherec is the concentration of nonmagnet
impurity atoms. Spin-phonon interaction effects lead in
general case to nonconservation of the total spin of the
tem. Taking them into account, a thermodynamically equi
lent Ginzburg–Landau–Wilson model determined by the f
lowing effective Hamiltonian can be introduced to descr
the critical behavior of spin impurity systems

H@w,V#5E ddxH 1

2
@ u¹wu21r 0w21V~x!w2#1

g0

4!
w4J ,

~1!
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wherew(x,t) is an-component order parameter,V(x) is the
potential of the random impurity field,r 0;T2T0c(p), T0c

is the critical temperature, determined in the mean-fi
theory, of a disordered magnet,g0 is a positive constant, and
d is the dimension of the system. We prescribe the impu
potential by a Gaussian distribution

PV5AV expF2~8d0!21E ddxV2~x!G ,
where AV is a normalization constant andd0 is a positive
constant, proportional to the impurity concentration and
squared impurity potential.

The dynamic behavior of the magnet near the criti
temperature, taking account of the spin-lattice relaxation,
be described by a Langevin-type kinetic equation for
order parameter

]w

]t
52l0

dH

dw
1h1l0h, ~2!

wherel0 is the kinetic constant,h(x,t) is a Gaussian ran
dom force characterizing the effect of a heat reservoir a
prescribed by the distribution function

Ph5Ah expF2~4l0!21E ddxdth2~x,t !G
with normalization constantAh , andh(t) is an external field
thermodynamically conjugate to the order parameter. T
time correlation functionG(x,t) of the order parameter is
determined by solving Eq.~2! with H@w,V#, given by Eq.
~1!, for w@h,h,V# and then averaging over the Gaussian ra
dom fieldh by means ofPh and over the random impurity
potentialV(x) by means ofPV and singling out the part o
the solution that is linear inh(0), i.e.,

G~x,t !5
d

dh~0!
@^w~x,t !&# impU

h50

,

3 © 1998 American Institute of Physics



ch
di
n

n
th

r

ail
g
ar
a
th
c
tr
r-

n
th
io

.

tic

nal
r-
r-
x

s
l

,

the
sed

tex
se,

in

dia-
fre-
the

c-
ere

ies
g

1384 Phys. Solid State 40 (8), August 1998 Prudnikov et al.
where

@^w~x,t !&# imp5B21E D$h%D$V%w~x,t !PhPV ,

B5E D$h%D$V%PhPV .

The application of the standard renormalization-group te
nique to this dynamical problem encounters substantial
ficulties. However, for homogeneous systems in the abse
of the disorder introduced by the presence of impurities
has been shown6 that the critical dynamical model based o
Langevin-type equations is completely equivalent to
standard Lagrangian system7 with the Lagrangian

L5E ddxdtH l0
21w21 iw* S l0

21 ]w

]t
1

dH

dw D J .

Here the correlation functionG(x,t) of the order paramete
for a homogeneous system is determined as

G~x,t !5^w~0,0!w~x,t !&

5V21E D$w%D$w* %w~0,0!w~x,t !

3exp~2L@w,w* # !,

where

V5E D$w%D$w* %exp~2L@w,w* # !.

A generalization of this field-theoretic approach and det
of its application to the critical dynamics of disordered ma
nets with frozen point impurities and extended defects
expounded in Ref. 8. In Ref. 8 a procedure for obtaining
replica Lagrangian averaged over the impurities,
generating-functional formalism for coupled Green’s fun
tions, and the diagrammatic rules which eliminate the con
bution of closed loops from the Green’s functions in all o
ders are presented.

Instead of the correlation function it is more convenie
to study its vertex part, which can be represented in
Feynman diagram formalism in the three-loop approximat
in the form

G~2!~k,v;r 0 ,g0 ,d0 ,l0!

5r 01k22
iv

l0
24d0D12

n12

18
g0

2D2

1
4~n12!

3
g0d0D3216d0

2~D41D5!

1
~n12!~n18!

108
g0

3S (
i 56

8

Di D 2
2~n12!2

9
g0

2d0S (
i 59

18

Di D
1

16~n12!

3
g0d0

2S (
i 519

31

Di D 264d0
3S (

i 532

39

Di D . ~3!

The diagrams corresponding toDi are presented in Fig. 1
The Feynman diagrams contain ad-dimensional integration
over the momenta and are characterized near the cri
-
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point in the limit with the cutoff parameterL→` by an
ultraviolet divergence at large momentak with pole-type sin-
gularities. These poles are eliminated by using a dimensio
regularization scheme, involving the introduction of reno
malized quantities.9 We shall determine the renormalized o
der parameter asw5Z21/2w0 . Then the renormalized verte
functions will have the generalized form

GR
~m!~k,v;r ,g,d,l,m!5Zm/2G~m!~k,v;r 0 ,g0 ,d0 ,l0!

~4!

with the renormalized coupling constantsg andd, tempera-
ture r , and kinetic coefficientl

g05m42dZgg, d05m42dZdd,

r 05m2Zrr , l0
215m2Zll21. ~5!

The scaling parameterm is introduced to make the quantitie
dimensionless. In Eq.~4! G (2) corresponds to the reciproca
of the correlation functionG(k,v) of the order parameter
while G (4) corresponds to the four-tail vertex functionsGg

(4)

and Gd
(4) for the coupling constantsg and d, respectively.

The Z factors are determined from the requirement that
renormalized vertex functions be regular, which is expres
in the normalization conditions

Z
]G~2!~k!

]k2 U
k250

51, Z2Gg
~4!uki505m42dg,

Z2Gd
~4!uki505m42dg, Z

]G~2!~k,v!

]~2 iv!
U

k2,v50

5l21. ~6!

We carried out this regularization procedure for the ver
functions in the three-loop approximation. For this purpo
we present the values of the vertex functions, appearing
the normalization conditions, in the form

Gg
~4!uki505g0 (

i , j 50

3

Ai j g0
i d0

j ,

Gd
~4!uki505d0 (

i , j 50

3

Bi j g0
i d0

j ,

]G~2!

]k2 U
k250

5 (
i , j 50

3

Ci j g0
i d0

j ,

]G~2!

]~2 iv/l!
U

k50,v50

5 (
i , j 50

3

Di j g0
i do

j , ~7!

where the coefficients are sums of the corresponding
grams or their derivatives at zero external momenta and
quencies. Thus, the numerical values of the derivatives of
diagrams~see Fig. 1! Di85]Di /](2 iv/l)uk50,v50 , gener-
ating the coefficientsDi j and obtained by using the subtra
tion scheme of Ref. 10, are presented in Table I, wh
J5*ddq/(q211)25(Sd /2)G(d/2)G(22d/2) is a one-loop
integral with Sd52pd/2/(2p)dG(d/2), and G(x) is the
gamma function. We write the expansion for the quantit
g0 , d0 , Z, and Zl in terms of the renormalized couplin
constantsg andd in the form
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FIG. 1. Diagrammatic representation of con
tributions to the vertex functionG2(k,v)
5G21(k,v) in the three-loop approxima-
tion. The line a corresponds toG0(k,v)
5(r 01k22 iv/l0)21, the line b corre-
sponds to G0(k,v)52l21((r 01k2)2

1(v/l0))21, the vertex c corresponds to
g0 , and the vertex d tod0d(v).
-
c

ex

g05g (

i , j 50

3

ai j g
id j , d05d (

i , j 50

3

bi j g
id j ,

Z5 (
i , j 50

3

ci j g
id j , Zl5 (

i , j 50

3

di j g
id j , ~8!

where the unknownsai j , bi j , ci j , anddi j are expressed in
terms ofAi j , Bi j , Ci j , andDi j by means of the normaliza
tion conditions. The next step in the field-theoretic approa
 h

is to determine the scaling functionsbg(g,d), bd(g,d),
g r(g,d), gw(g,d), and gl(g,d), which give the
renormalization-group differential equation for the vert
functions:

Fm ]

]m
1bg

]

]g
1bd

]

]d
2g r r

]

]r
1gll

]

]l
2

m

2
gwG

3G~m!~k,v;r ,g,d,l,m!50.
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TABLE I. Values of the derivatives of the diagrams displayed in Fig. 1,Di85]Di /](2 iv/l)uk50,v50 .

D18/J 21.000000 D148 /J3 20.032279 D278 /J3 20.666667
D28/J

2 20.130768 D158 /J3 0.061515 D288 /J3 0.584625
D38/J

2 20.666667 D168 /J3 0.004666 D298 /J3 20.092766
D48/J

2 22.000000 D178 /J3 20.333557 D308 /J3 20.074202
D58/J

2 21.000000 D188 /J3 0.042034 D318 /J3 20.194407
D68/J

3 20.104778 D198 /J3 22.053736 D328 /J3 22.053736
D78/J

3 20.032835 D208 /J3 22.053736 D338 /J3 22.053736
D88/J

3 20.032835 D218 /J3 21.142275 D348 /J3 21.000000
D98/J

3 20.519431 D228 /J3 20.396553 D358 /J3 0.666667
D108 /J3 20.519431 D238 /J3 21.142275 D368 /J3 0.666667
D118 /J3 20.276601 D248 /J3 20.396553 D378 /J3 22.053736
D128 /J3 20.468697 D258 /J3 20.396553 D388 /J3 20.074202
D138 /J3 20.032279 D268 /J3 0.226932 D398 /J3 0.000000
or
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In the following discussion of the dynamical behavi
we shall require only the functionsbg and bd and the dy-
namical scaling functiongg , determined by the relations

42d1bg

] ln gZg

]g
1bd

] ln gZg

]d
50,

42d1bg

] ln dZd

]g
1bd

] ln dZd

]d
50,

gl5bg

] ln Zl

]g
1bd

] ln Zl

]d
. ~9!

The explicit form of the functionsbg andbd in the four-loop
approximation was obtained in Ref. 5, where the coupl
constantsn and u were introduced, which are related tog
and d as n5(n18)Jg/6 and u5216Jd. Prescribing the
functionsb andgl in the form

bn5n (
i , j 50

3

b i j
~v !n iuj , bu5u (

i , j 50

3

b i j
~u!n iuj ,

gl5 (
i , j 50

3

g i j
i uj , ~10!

we present in Table II the values of the coefficients in E
~10! for the three-dimensional Ising model (n51). The na-
ture of the critical point for each value ofn and d is com-
pletely determined by the stable fixed point for the coupl
constants (n* ,u* ), which is determined from the require
ment that theb function vanish, i.e.,

TABLE II. Values of the coefficients in the expressions for the scal
functions.

( i , j ) b i , j
(u) b i , j

(v) g i , j

~0,0! 21 1 0
~1,0! 1 3/2 20.25
~0,1! 2/3 1 0
~2,0! 295/216 2185/216 0.053240
~1,1! 250/81 2104/81 0.030862
~0,2! 292/729 2308/729 0.008400
~3,0! 0.389922 0.916667 20.049995
~2,1! 0.857363 2.132996 20.152964
~1,2! 0.467388 1.478058 20.041167
~0,3! 0.090448 0.351069 20.012642
g

.

bn~n* ,u* !50, bu~n* ,u* !50.

The quantitiesn* and u* are of order 42d, so that the
series expansions of the scaling functions withd53 in pow-
ers of n and u are asymptotically convergent. The Pade´–
Borel method has found wide application for summi
them.11 Numerical analysis of the equations for determini
the fixed points and the conditions under which they
stable shows that in contrast to the«-expansion withd53
the accidental degeneracy of the fixed points withn51 does
not arise. Only two of the four fixed points are of interest: t
fixed point for homogeneous systems (n* Þ0, u* Þ0) and
the impurity fixed point (n* Þ0, u* Þ0), which determines
the new critical properties of disordered magnets. The im
rity fixed point is stable only forn51, while for n>2 the
presence of disorder associated with the presence of the
zen impurities is not important for the critical behavior
magnets. The impurity fixed point point for the thre
dimensional Ising model in the three-loop approximation
given by the valuesn* 52.256938,u* 520.728168.

Substituting the values of the coupling constants a
fixed point into the scaling functiongl(n,u) allows us to
determine the dynamical critical exponentz, characterizing
the critical slowing down of relaxation processes,

z521gl~n* ,u* !. ~11!

But the series expansion ofgl(n* ,u* ) in powers ofn* and
u* with d53 is, in the best case, asymptotically converge
and to obtain reasonable values it cannot be dire
summed. We summed it by the generalized Pade´–Borel
method, which consists of applying to the series the Bo
transformation

gl~n,u!5(
i , j

g i j n
iuj5E

0

`

e2tGl~nt,ut!dt,

Gl~x,y!5(
i , j

g i j

~ i 1 j !!
xiyj , ~12!

and then using the Pade´–Chisholm approximants

@M ,N/K,L#5(
i 50

M

(
j 50

N

ai j n
iuj S (

p50

K

(
q50

L

bpqn
puqD 21

.
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The expansion obtained forgl(n,u) in powers ofn andu in
the three-loop approximation makes it possible to use
proximants of the form@1,1/1,1# and@2,2/1,1#. The applica-
tion of the approximants@1,1/1,1# corresponds to an earlie
description12 of the critical dynamics of disordered magne
in the two-loop approximation and gives the value of t
dynamical exponentzimp

(2) 52.169849. The approximant
@2,2/1,1# make it possible to obtain the exponentz in the
form

z521
a1u

b
1

b21

b2 ~a2u21a3un1a4n2!1
2b22b11

b3

3~a5u2n1a6un2!2
1

b Fa1u1
1

b
~a2u21a3un1a4n2!

1
1

b2 ~a5u2n1a6un2!G
2

F0~1,1,b!, ~13!

where2F0(1,1,b) is the confluent hypergeometric functio
while the functionsa i and b can be calculated from th
following relations:

a15g1,0, a25
g2,0

2
2

g1,0g3,0

3g2,0
,

a35
g1,1

2
2

g1,0g0.3

3g0,2
, a45

g0,2

2
,

a55
g2,1

6
2

g1,1g3,0

6g2,0
2

g2,0g0,3

6g0,2
,

a65
g1,2

6
2

g1,1g0,3

6g0,2
2

g0,2g3,0

6g2,0
,

b5b1u1b2n,

b152
g3,0

3g2,0
, b252

g0,3

3g0,2
.

The use of the coupling constants at the impurity fix
point n* 52.256938 andu* 520.728168 gives the follow-
ing value for the dynamical exponent:

zimp
~3! 52.165319. ~14!

The small change in the value of the exponentzimp calculated
in the three- and two-loop approximations shows that high
order corrections will give only very small changes. The c
culations performed in Ref. 12 on the basis of the«-
expansion in the two-loop approximation gave at the sa
time the valuezimp

(2) 52.336, which substantiates the need
use the renormalization-group procedure directly withd53
to describe the critical behavior of dilute magnets.

In Ref. 13 we performed a calculation of the dynamic
critical exponent for the homogeneous three- and tw
dimensional ferromagnetic systems in the four-loop appro
mation on the basis of the Ginzburg–Landau–Wilson
namical relaxation model. Specifically, for the thre
dimensional Ising model the valuezpure

(4) 52.017 was obtained
for the dynamical exponent using the Pade´–Borel summation
technique. The large numerical differences between the
ues of the dynamical exponent for homogeneous and d
p-

r-
-

e

l
-
i-
-

l-
te

Ising models make it possible to determine the effect of i
purities on the dynamical critical behavior both in real phy
cal experiments and in computer experiments using Mo
Carlo methods.

Let us compare with the results of computer modeling
the dynamic critical behavior of the disordered Ising mod
the value obtained for the dynamical exponentzimp

(3) .14–16 In
Refs. 14 and 15 computer modeling of the critical relaxat
of magnetization in a system with dimensions 483 and spin
concentration 0.4<p<1 was performed. The Monte Carl
method combined with the dynamical renormalization-gro
method17 was used to determine the dynamical critical exp
nent z. For homogeneous and weakly disordered syste
with p50.95 and 0.8, the following values were obtained f
the exponents:z(1.0)51.9760.08, z(0.95)52.1960.07,
and z(0.8)52.2060.08, which are in good agreement wi
our computational results. In Ref. 16 the values of the ex
nent z were obtained on the basis of an analysis of
asymptotic properties of the dynamical autocorrelation fu
tion for a system in a state of equilibrium and demonstrat
strong fluctuations of the magnetization. Thus, the followi
values were obtained:z(1.0)52.09560.008 for a uniform
system, z(0.95)52.1660.01, z(0.9)52.23260.004, and
z(0.8)52.3860.01 for weakly disordered systems, an
z(0.6)52.9360.03 with p50.6. Adhering to the concep
that the fixed point of the critical behavior of weakly diso
dered systems, which does not depend on the impurity c
centration, is also a fixed point for any impurity concentr
tion, in Ref. 16 the asymptotic value of the dynamic
exponent was estimated to bez52.460.1. The value of the
exponentz obtained in Ref. 16 for a homogeneous syste
strongly conflicts with the results of the field-theoretic a
proach, while forp50.95 the agreement between the valu
is good. Our point of view concerning the universality of th
critical behavior of disordered systems was stated in Refs
and 15, where we suggested that the universal critical beh
ior of weakly disordered systems be determined from
analogous behavior for strongly disordered systems and
advanced the hypothesis of step universality of critical ex
nents for three-dimensional disordered systems.

The prediction of the theory as to the effect of impuriti
on the dynamical critical behavior of magnets~higher value
of zimp(d53) compared withzpure(d53)) can be detected in
a number of experimental methods: inelastic neut
scattering—the linewidth vw}uT2Tcuzn at q50 and
vw}qz at T5Tc ; ESR and NMR magnetic resonance—t
width of the resonance lineDv}uT2Tcu(d221h2z)n, where
h is the Fisher exponent; measuring the dynamical susce
bility for a high-frequency external magnetic fieldx(v)
}v2g/zn at T5Tc , whereg is the susceptibility exponent
ultrasonic experiments, where the sound absorption co
cient a(v)}uT2Tcu2(a1zn)w2g(v/uT2Tcuzn), the sound
dispersionC2(v)2C2(0)}uT2Tcu2a f (v/uT2Tcuzn). Un-
fortunately, we know of no works where an experimen
investigation of the dynamical critical behavior of weak
dilute Ising-like magnets was performed.
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