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Field-theoretic description of the multicritical behavior
of systems with two order parameters
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A field-theoretic description of phase transformations in complex sys-
tems with two interacting order parameters is given. For three-
dimensional systems in the two-loop approximation a renormalization-
group analysis of the scaling functions is carried out directly, and the
fixed points corresponding to stability of the bicritical and tetracritical
behavior are identified. The critical exponents at the multicritical points
in the two-loop approximation are calculated with the use of the Pade´–
Borel summation technique. ©1998 American Institute of Physics.
@S0021-3640~98!00924-4#

PACS numbers: 64.60.Kw, 64.60.Ak

There exists a wide class of systems in which the observed phase transition c
be described by one order parameter transforming according to one irreducible rep
tation. Magnetic crystals whose magnetic structure is described by two or more irr
ible representations~the antiferromagnets Cr2TeO6, KCuF3, GdAlO3, MnF2, and others!
afford exceptionally many such examples. Structural phase transitions whose desc
requires several order parameters have been found in KMnF3, boracites, and other sub
stances. The phase diagrams of such subsystems have a special multicritical point
is of a bicritical or tetracritical character.1,2 In the first case, two lines of second-ord
phase transitions and one line of a first-order phase transition intersect, and in the s
case four lines of second-order phase transitions intersect. Close to a multicritical
the system demonstrates a specific critical behavior characterized by the comp
between the different types of ordering. If bicritical behavior is realized, one orde
rameter in the system displaces the other, while tetracritical behavior admits the exi
of a mixed phase with both types of ordering coexisting.

The model Hamiltonian of a system with two coupled order parametersf and c,
belonging to two different irreducible representations of dimensionn andm, has the form
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TABLE I. Values of the fixed points and eigenvalues.
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The problem of a phase transition in such a system was analyzed in Ref. 3
independently in Ref. 4. The model under consideration was investigated using Wil
renormalization-group technique on the basis of thee expansion method in the one-loo
approximation. In Ref. 3, an attempt was made to trace the dependence of the ch
of the multicritical behavior on the numbersn andm. However, numerous investigation
of systems characterized by one order parameter performed in the last few years
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that the predictions made in the one-loop approximation, especially on the basis ofe
expansion, can differ strongly from the real critical behavior. To shed light on
question with respect to multicritical phenomena and to determine more accurate
dependence of the character of the multicritical behavior on the structure of the
parameters, we have constructed a field-theoretic description of the system~1! in the
two-loop approximation. We employed the mass theory of Ref. 5, which makes it
sible to describe three-dimensional systems directly without using ane expansion (e
542d, whered is the dimensionality of the system!. Investigations of critical phenom
ena show6 that this approach gives the best description of the critical behavior, an
application together with methods for summing asymptotically convergent series m
possible to achieve high accuracy.

As is well known, in the field-theoretic approach7 the asymptotic critical behavio
and structure of phase diagrams in the fluctuation region are determined by the C
Symanzik renormalization-group equation for the vertex parts of the irreducible Gre
functions. To calculate theb functions and the critical exponents as functions of
renormalized interaction verticesu1 , u2 , and u3 ~scaling functions! appearing in the
renormalization-group equation, we used the standard method based on the Fey
diagram technique and the renormalization procedure.6 As a result, we obtain for theb
functions in the two-loop approximation
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and for the scaling functionsh andg
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It is well known that perturbation series are asymptotically convergent, and the int
tion vertices of the fluctuations of the order parameters in the fluctuation regionr 15r 2

→0 are large enough so that expressions~2!–~4! can be used directly. For this reason,
extract the required physical information from the expressions obtained, we employe
generalized Pade´–Borel method for summing asymptotically convergent series. The
rect and inverse Borel transformations extended to the multiparameter case and p
ing the symmetry of the system have the form

f ~u1 ,u2 ,u3!5(
i , j ,k
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A series in the auxiliary variablel is introduced for analytical continuation of the Bor
transform of the function:
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to which the@L/M # Padéapproximation is applied at the pointl51. We used the@2/1#
approximant to calculate theb functions in the two-loop approximation. The nature
the multicritical behavior is determined by the existence of a stable fixed point satis
the system of equations

bk~u1* ,u2* ,u3* !50 ~k51,2,3!. ~7!

The values obtained for the fixed points by solving the system~7! for the most interesting
values of the number of componentsn and m of the order parameters are presented
Table I. The requirement that the fixed point be stable reduces to the condition th
eigenvaluesb1, b2, andb3 ~see Table I! of the matrix

Bi j 5
]b i~u1* ,u2* ,u3* !

]uj
~8!

lie in the right-hand complex half plane.

In Ref. 3, three types of stable fixed points corresponding to different valuesn
andm were found. The regions of existence of these fixed points in the (n,m) plane in
the one-loop approximation are shown in Fig. 1a. The type 1 corresponds to an iso
fixed point, whereu1* 5u2* 5u3* and the Hamiltonian~1! is effectively the same as th
Hamiltonian of a system with one (n1m)-component order parameter with the comple
symmetrySO(n1m) higher than theSO(n)3SO(m) symmetry of the initial system
~manifestation of the fluctuation-determined asymptotic symmetry at the multicri
point!. For points of the type 2, all three values ofui* are nonzero and could be differen



t these

n the
of

erest.
e-loop

does
ange
of the

the
e
bove
where

of
ritical

ype of
it and

954 JETP Lett., Vol. 68, No. 12, 25 Dec. 1998 Prudnikov et al.
from one another. They correspond to the lowest symmetrySO(n)3SO(m) of the initial
Hamiltonian. The type-3 points correspond to decoupled order parameters, since a
pointsu3* 50. They also correspond to the higher symmetrySO(n) % SO(m). Figure 1b
shows the regions of existence of different types of fixed points, which we obtained i
two-loop approximation without using thee expansion. The boundary of the region
stability of an isotropic fixed point now passes along the straight linen1m52.9088, i.e.,
the highest asymptotic symmetry of the system isSO(2), and theregion of existence of
type-2 points has become so narrow that it contains only five points of physical int
The large change in the picture indicates that the correspondence between the on
approximation and the real multicritical behavior is weak.

The phase diagrams for the Hamiltonian~1! in the mean-field approximation~ne-
glecting fluctuations! are well known.3,8 In the caseu3

2,u1u2, a tetracritical point is
realized, and therefore a mixed phase withfÞ0 andcÞ0 can exist. In the opposite
case,u3

2>u1u2, the phase diagram possesses a bicritical point and a mixed phase
not arise. However, as shown in Ref. 3, taking account of fluctuations can greatly ch
the character of the phase diagram in the critical region. For this, the phase portrait
system must be investigated by solving the system of equations (r 5r 15r 2)

r
]uk

]r
5bk~u1* ,u2* ,u3* !, ~9!

which gives the phase trajectories in the space of the verticesuk . In the limit r→0,
depending on the initial valuesuk

(0) of the vertices, the phase trajectories either leave
region of stability of the Hamiltonian~1! with the realization of a first-order phas
transition or arrive at a stable fixed point from the set of fixed points examined a
with a definite symmetry of the system. The phase trajectories can cross regions
the condition of tetra- or bicriticality holds for the vertices. As a result, inclusions
curves of first-order phase transitions and a set of critical points appear in the c
region in the phase diagrams corresponding to the mean-field theory.3

The more accurate determination made in the present letter of the values and t
the stable fixed points does not materially change the analysis of the phase portra
phase diagrams performed in Ref. 3 for the casen5m51. However, in the cases with

FIG. 1. Regions of stability of fixed points determined: a! in Refs. 3 and 4 in the first order of thee expansion,
and b! in the present letter in the field-theoretic approach in the two-loop approximation withd53.
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n1m.2.9088 the large change found in the values of the fixed points and their sta
conditions should appreciably change the phase diagrams in the critical region and
lead to other forms of symmetry of the system at the multicritical point. As one can
from the values ofuk* presented in Table I, the stable fixed points forn1m>3 are
tetracritical, i.e.,u3

2,u1u2. For this reason, if the initial values of the vertices satisfy
bicriticality condition, then the phase trajectories will always leave the region of stab
of the Hamiltonian~1! and the phase diagrams that are bicritical outside the crit
region will contain inclusions of curves of first-order phase transitions in the cri
region ~Fig. 2a!. However, if the initial values of the vertices satisfy the tetracritica
condition, then for type-3 fixed points the phase diagrams are of a tetracritical cha
both outside and inside the critical region~Fig. 2b!. The computed values of the critica
exponents characterizing the tetracritical behavior are presented in Table II. The tw
of exponents for systems withnÞm reflect the fact that the critical behavior of the tw

FIG. 2. Possible types of phase diagrams. The solid lines correspond to curves of first-order phase tra
and the dashed lines correspond to second-order transitions.

TABLE II. Values of the critical exponents.
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different order parameters can be determined independently in different experim
However, the critical behavior of the specific heat of a system is determined by the
exponent. For type-2 fixed points, analysis of the phase portrait of the system show
phase diagrams of two kinds are possible: They are tetracritical outside the critical re
and within the critical region diagrams of the first kind have a tetracritical point~Fig. 2b!
while diagrams of the second kind contain inclusions of a curve of a first-order p
transition with two bicritical points~Fig. 2c!.

In closing, we hope that the characteristic features revealed here of the multic
behavior will find applications in the analysis of experimental works on the multicrit
behavior of systems with competing order parameters.
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