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We present a field-theoretic description of phase transitions in weakly disordered systems with
two coupled order parameters. Using the two-loop approximation and the-Backd

summation technique, we carry out a renormalization-group analysis of the scaling functions for
three-dimensional systems and identify the fixed points corresponding to stable multicritical
behavior. We also study the effect of frozen point impurities on the nature of the phase diagrams.
© 1999 American Institute of Physids$1063-776(99)01808-9

There is a broad class of systems in which the observetbw the dependence of the multicritical behavior on the num-
phase transitions cannot be described by a single order paersn and m. However, numerous studies of systems with
rameter transformed according to a single irreducible repreene order parameter done in recent years suggest that usually
sentation. This is especially evident in magnetic crystalthe one-loop approximatiofand the more so when used
where the magnetic structure is described by two or morevithin the e-expansion methodyields predictions that differ
irreducible representationghe antiferromagnets ¢reQ;, substantially from real critical behavior. To establish the
KCuR;, GdAIO;, MnF,, and the likg. Structural phase tran- situation with multicritical phenomena and to find the depen-
sitions that require several order parameters for their descriglence of the multicritical behavior on the structure of the
tion have been detected in KMgFboracites, and other sub- order parameters, we used in Ref. 5 the two-loop approxima-
stances. The phase diagrams of such systems containtian to provide a field-theoretic description of a system
singular multicritical point, which is either bicritical or whose Hamiltonian is(1). We used the mass theory of
tetracritical>? In the first case, two lines of second-order Parisi® which makes it possible to describe three-dimen-
phase transitions intersect at this point, while in the secondional systems directly, without resorting to the&xpansion.
there are four lines of second-order phase transitions thatudies of critical phenomena have shdwimat such an ap-
intersect at this point. Near the multicritical point, the systemproach provides the most meaningful description of critical
exhibits specifically critical behavior characterized by com-behavior and its use together with methods of summation of
petition of the different types of ordering. Here, if bicritical asymptotically convergent series yields extremely accurate
behavior is realized, one order parameter expels the otheresults. In Ref. 5 we carried out a renormalization-group
while tetracritical behavior allows for a mixed phase in analysis of the scaling functions in the two-loop approxima-
which both types of ordering coexist. tion combined with the PaddBorel summation technique

The model Hamiltonian of a homogeneous system withand identified the fixed points corresponding to stable bicriti-
two coupled order parameteks and ¢ belonging to two cal and tetracritical behavior.

different irreducible representations of dimensionalities For a system with two coupled order parameters there
andm has the form are three types of stable fixed points corresponding to differ-
1 ent values ofh andm. The corresponding domains of exis-
y%:J ddx:—[r1¢2+ F?+ (V) 2+ (Vi)?] tence in thenm plane obtained in the one-loop approxi-
2 mation** are depicted in Fig. 1a and those obtained in the

u yp Uz o, 2Uzx , , two-loop approximationin Fig. 1b. The fact that the pattern
o (007 2 () - %, (1)  changes so dramatically indicates that there is little resem-
' ' ' blance between the one-loop representation and real multi-
n m n critical behavior. Note that the first type corresponds to an
$*=2 ¢t =2 i, (V¢)2=Z (Veén)?, isotropic fixed point, at whichu} =u3 =u} and the Hamil-
=t tonian (1) effectively coincides with the Hamiltonian of a
m system that has a single{ m)-component order parameter
(Vi)?=2, (V)2 and completés O(n+m) symmetry, which is higher than the
SQ(n) X SQ(m) symmetry of the initial systentthis is a
An analysis of the problem of phase transitions in such ananifestation of an asymptotic symmetry, due to fluctua-
system was done by Lyuksyut@t al2 and (independently  tions, at the multicritical point For points of the second
by Kosterlitz et al? in the one-loop approximation by the type, all three values’ are finite and may not coincide. The
Wilson renormalization-group technique within the scope oflowest symmetry of the initial Hamiltonian,SO(n)
the e-expansion method, where=4—d (d is the dimen- XSQ(m), corresponds to such points. Points of the third
sionality of the system Lyuksyutovet al attempted to fol- type correspond to decoupled order parameters, since at
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FIG. 1. The regions of stability of the fixed points
determined in Refs. 3 and 4 in the first order of the
e-expansion(@ and in Ref. 5 via the field-theoretic
approach in the two-loop approximation with=3

).

— N W s L on ]y

these pointsu} =0. Here the higher symmetn8Q(n) the example of a homogeneous system, that the predictions
®SO(m) corresponds to such points. According to Ref. 5,0f the one-loop approximation do not agree with the real
the edge of the stability region of an isotropic fixed point ismulticritical behavior. In disordered systems one can expect
the straight linen+m=2.9088, i.e.,SO(2) is the highest even larger discrepancies, a fact suggested by studies of dis-
asymptotic symmetry of the system, and the domain of exiserdered systems characterized by a single order para-
tence of points of the second type becomes so narrow that iheter:>® For disordered systems described by the Ising
contains only five physically interesting point. The appre-model in the one-loop approximation, accidental degeneracy
ciable change in the values of the fixed points and in theoccurs in the system of renormalization-group equations for
conditions for their stability, established in Ref. 5, is respon-the interaction vertices. This makes it impossible to use the
sible for an appreciable change in the phase diagrams in thgiven approximation in studies of the unique class of disor-
critical region and results in other types of the symmetry ofdered systems in which the presence of an impurity has a real
the system at the multicritical point. effect on the characteristics of the critical behavior of such
We study the effect of frozen point impurities on the systems. In the present paper we discuss the results of apply-
multicritical behavior of a system with two coupled order ing the field-theoretic approach in the two-loop approxima-
parameters. As is well knowhthe disorder in a system gen- tion directly for three-dimensional systems.
erated by the presence of frozen impurities manifests itself in ~ The Hamiltonian of a system with two coupled order
the form of random perturbations of the local critical tem- parameters that contains frozen impurities of the random-
perature or in the form of random fields. Because a randortemperature type can be represented in the form
field breaks the symmetry of the system with respect to a  __ o, -
change in the sign of the order parameter, the statis?ical prop- TG Y1= T ol 91 Himpl .91, )
erties of systems with this type of disorder differ substan-where .7 ¢, ] is the Hamiltonian of the homogeneous
tially. Ferro- and antiferromagnetic systems containing nonsystem[Eq. (1)], and the term7y[ ¢,#], which specifies
magnetic impurity atoms in the absence of an externathe interaction of the impurities and the order-parameter fluc-
magnetic field may serve as an example of disordered sysuations, can be written
tems with a perturbation of the random-critical-temperature 1
type, Whlle_ in a l_mlform magnetic field the presence of non- T &, ] = EJ dOX[ V1 (X) 2+ V(%) 42]. 3)
magnetic impurity atoms in anisotropic antiferromagnets
manifests itself in the form of random fieldsn the present Here theV,(x) are the potentials of the random field of the
paper we study the multicritical behavior of system with ajmpurities with a Gaussian distribution, whose correlators in

occur in disordered systems in which, as in Mn&se Ref.

10), a sequence of phase transitions is described by introduc- (Vi) =0,
ing two coupled order parameters of different nature, param- VOOV (X D) = — Und(X— X!
eters that correspond to the structural and ferromagnetic ({(V10V1D)) 40 )

phase transitions, or iKY-like antiferromagnets of the type {(Va(X)Va(X"))) = —Uged(x—X"),
of Cr,TeQ;, KCuF;, and the liket* in which a multicritical , ,
point appears in a zero external magnetic field. In some cases ((V1(X)V2(X")))=—Ugod(x—X"). (4)

the description of the multicritical behavior of disordered App|y|ng the rep"ca method, we can eas”y average over the
binary alloys consisting of atoms of two species with arandom distribution of impurities and reduce the problem of
mixed exchange interaction may correspond to the introducstatistically describing a weakly disordered system to that of

tion of disorder of the random-critical-temperature type in astatistically describing a homogeneous system with the effec-
system with coupled order paramet&rs® tive Hamiltonian

The effect of disorder of the random-temperature type on «
the multicritical behavior of the systems was studied by _ -, 1 2,2
Izyumov et al,*? Laptev and Skryabifh® and Lisyanski and Hrepl & 9/]1= (Z‘l Holbarthal T3 az::l L%Z:l [Usobeds
Filippov'* by the s-expansion method in the one-loop ap- ) ) s
proximation. However, above we have clearly shown, using +Usoif g+ 2Ugod, 5], 5

k k
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which containk images(“replicas”) of the initial homoge- 92(n+2) 92(m+2)

neous componen¥, and a number of additional terms with T gy UilslaT T Ualsls

impurity verticesu,g, Usg, andugg, which specify the effec-

tive interaction, via the impurity field, of thek&n)- and 8(n+2) 8(m+2)

(kx m)-component order parameters. This statistical model T3 UallsUgT T Ualisls

is thermodynamically equivalent to the initial disordered 5

model in the limitk— 0. — 64uzug— 64uzuyus— 64uzUsUs, (6)
It is known that in the field-theoretic approaérthe

asymptotic critical behavior and the structure of the phase n+2 m 3040

diagrams in the fluctuation region are determined by the —Ba(U)=—Us+16uf+ —— 3 Urlat 3 Uglsg— —=-U
Callan—Symanzik renormalization-group equation for the

vertex parts of the irreducible Green’s functions. To calcu- 2m , 8m ., 400n+2)
late the g-functions (the scaling functionsas functions of ~ o7 Uste™ 37 Uslls g1 Uil
the renormalized interaction vertices (i=1,...,6), which
enter into the renormalization-group equation, we used a 23(n+2) u2u sm 2 Wl 184mu Usu
. : 1Us— 3Us— 3UgUs,
standard method based on the Feynman diagrammatic tech- 243 243 81
nique and the renormalization procediiras a result, in the
two-loop approximation, we arrived at the following expres- , m+2 n 3040
sions for the-functions: Bs(U)=—Us+16Us+ —5—UzUs+ Z Uglg— —=-U
n+8 m 4In+190 2n 8n 400m+2)
- _ e e, o gt
B1(u)=—u+ 6 uit 6U3+24U1U4 243 up 27u3u6 3 ugué—Tuzué
2m . 23m , 184m 23m+2) , 5n 184n
- WUB 243 u1u3 81 ulu3u6 - T3U2U5 243U3U5 81 U3U5U6,
i6m 400n+2096
~ 9 usUg— 81 u1u4 n+2 m-+2 n
Be =—u6+8u6+ 6 Uugt —— 3 UoUg+ 6u3u4
5920 , 8m , 6 )
- UjUy— —5 U3ly, m 4 . 4(n+
27 9 7 + 5 Usls+ 4UgUg+ 4UsUg— gug— %ulué
m+8 n
ﬂz(u):_U2+TU§+gU§+24U2U5 _4(m+2)u u2— 23(n+2) u2u
3 246 486 146
_HMEI90 5 2N e 23 23m+2) , 368, 368, ,
243 27 243 WUZUG 27 5 Uyl — 27 —= UsUg— 32U4Ug
184n 16n
_ 2 n 4n m
——UyUgUg— ——U3U
g1 ~273"6 Tg -3v6 —32u5ui— 27u3u4 5 —ugui— 27u3u5
400n+2096uzu5 5920u2u§ 8n 8 ey, am , 5(n+m) 20n+m)
81 27 B T g UslsT Tgg Ualle™ gy Usls
2 , nt2 m+2 92(n+2) 92(m+2)
Bz(u)=—usz+ §U3+ 6 uusz+ 6 UoUs+4ugUy - TU1U4U6— TU2U5U6
5(n+m)+72 16n 16m
+4U3U5+ 16U3UG— 4—86113 — TU3U4U6_ TU3U5U6.
~23(n+2 23(m+2
3(486 ) fus 3(486 )u§u3 Perturbation-theory series are known to be asymptoti-
cally convergent and the vertices of the interaction of the
n+2 , m+2 order-parameter fluctuations in the fluctuation regigrr,
~ g UilsT g U2l —0, are large enough so that E¢§) can be used directly.
Thus, to extract the necessary physical information from
20(n+m)+432 8(n+3) , these expressions we employed the generalized-FBatel
81 U3UG— g Usls method used for the summation of asymptotically convergent
series. Here the direct and inverse Borel transformations gen-
8(m+3) , 368 , 368 eralized to the six-parameter case and retaining the symmetry
— —————U3Us— —= UgUj— —= Usu
9 3 27 %74 27 %5 of the system have the form
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TABLE |. Values of the fixed points of a disordered system and the eigenvalues of the stability matrix.

n m uy us uj uy ug ug b (i=1....,6)

1 1 1.588 92 1.588 92 0 —0.034 48 —0.034 48 0 0.46120.222, 0.0362,
0.4612-0.222, 0.0362

1 2 1.588 92 0.938 32 0 —0.034 48 —0.000 26 0 0.46120.222, 0.0183,
0.0183,0.6671,0.0017

1 2 1.588 92 0.934 98 0 —0.034 48 0 0 0.46120.222, 0.0172,
0.0172,0.6673;0.0017

1 3 1.588 92 0.829 62 0 —0.034 48 0 0 0.46120.222, 0.0834,
0.0834,0.1315,0.6814

1 3 1.588 92 1.28357 0 —0.034 48 —0.070 98 0 0.46120.222, 0.3266,
0.3266,5.9782;3.1324

2 2 0.938 32 0.938 32 0 —0.000 26 —0.000 26 0 0.6671,0.0017,0.0017,
0.0005,0.0005,0.6671

2 2 0.934 98 0.934 98 0 0 0 0 0.6673).0017,-0.0017,

—0.0017,-0.0017,0.6673

2 3 0.938 32 0.829 62 0 —0.000 26 0 0 0.6671,0.0017,0.0659,
0.0659,0.1315,0.6814

2 3 0.934 98 0.829 62 0 0 0 0 0.6673.0017,0.1315,
0.6814,0.0648,0.0648

3 3 0.829 62 0.829 62 0 0 0 0 0.6814,0.1315,0.1315,

0.6814,0.1315,0.1315

e i which we will need in our further analysis. Table | also lists
f(Uly---,Ue)=i Ei Ci,..iufufusuugug the eigenvalues of the stability matrix for the corresponding
e fixed points.
An analysis of the nature of the fixed points and their
stability suggests the following: the presence of impurities in
7) the system causes fluctuation decoupling of th_e c_)r_der param-
i1 i i e s d f—:-ters and ensures only one type of stable multicritical behav-
mul uyugsu,usug’. ior, the tetracr!ncal behavior with the common symmetry of
! 6 the system bein@O(n) ® SO(m). Here, for one-component
To analytically continue the Borel image of a function, we order parametersn=m=1), the presence of impurities is

F(up,....ug)= Z

introduce a power series in an aux”iary paramat’er important and leads to a critical behavior with eXponentS
corresponding to those of the disordered Ising motiéls
~ - Cip..ig for the cases witm=1, m=2, andn=2, m=2, although
F(ug, .,ue,)\)=k20 Aki12i6 Tk calculations show that the fixed point with finite values of

S the impurity verticesi; andug for both order parameters is
XUMUZUZULUSUSS; oy o (8)  stable, we believe that in the higher orders of the approxima-
tion the fixed point that is stable is the one at which, for the
to which we apply the Padé&/M ] approximation at the point same general effect of decoupling of the order parameters,
A=1. To calculate thgs-functions in the two-loop approxi- the values of the impurity vertices are finite only for one-
mation, we use thg2/1] approximant. Multicritical behavior component order parameters. A possible indication of this is,
is determined by the existence of a stable fixed point satisen the hand, the weak stability of fixed points of the first type
fying the system of equations accompanied by the weak instability of fixed points of the
second type and, on the other, that a similar situation arises
in the analysis of the effect of impurities on the critical be-
gavior of systems with one order parameter in the two-loop
approximation® For n,m=3 only the homogeneous fixed
point that is stable coincides with the third-type point of a
dB;(uy ,u3 ,ujz ,ujz Uz ,Ug) homogeneous system is tetracritical in nature. Thus, when
= au. (100 the order parameters of the system are characterized by a
! number of components that is larger than, or equal to, two,
lie in the right complex half-plane. the presence of impurities has no effect on the characteristics
The resulting system of summeifunctions for eachn of their critical behavior and the multicritical behavior is
andm contains a broad spectrum of fixed points. Table | liststetracritical.
stable fixed points of a system for the valueshadindm of The phase diagrams for the Hamiltoniél) of a homo-
the uppermost interest to physics and a number of fixedjeneous system in the mean-field approximatiom, with-
points that are unstable in the two-loop approximation,out fluctuationg are well known(see, e.g., Ref.)3 For in-

Bi(uf ,u%,uf,uy,uf,ug)=0, i=1,...,6. (9)

The requirement that a fixed point be stable reduces to th
requirement that the eigenvalubsof the matrix
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AS { AN N //’ ™ /s FIG. 2. Possible phase-diagram types. The solid lines cor-
'\\ ) ‘)( N respond to curves representing first-order phase transitions,
4 i \\ while the dashed lines correspond to curves representing
- . yd \\ second-order phase transitions.
a b c g d b

stance, whenu3<u,u, holds the tetracritical point is with a bicritical point. For disordered systems with interact-
realized, with the result that there cam be a mixed phase witing fields whose vertices have bare values that meet the bi-
¢#0 and+#0. In the opposite casené?uluz, the phase criticality condition ugozulouzo, critical fluctuations and
diagram has a bicritical point and there is no mixed phasefluctuations of the local critical temperature destroy the sta-
However, as shown in Refs. 3 and 5, allowance for fluctuability of bicritical behavior and decouple the order param-
tions may dramatically change the phase diagram in the critieters. As a result, the phase diagrams with bicritical behavior
cal region. To establish whether this is the case, we mustutside the critical region contain segments of curves repre-
study the phase portrait of the system on the basis of theenting first-order phase transitions, with the corresponding

solution of the system of equations=fr,=r5,) diagram being the one in Fig. 2a. The numerical solution of
Eqg. (11) shows that for all bare values of the verticag,,
l?ui . . L . .
r a_:ﬁi(uj)y (1D lying in the bicritical region there can be no phase trajecto-
;

ries that take these segments to a stable fixed tetracritical

which specifies the phase trajectories in the space of the vepoint. As a result, the phase diagram predicted by Laptev and
ticesu;. Asr—0, depending on the bare values of the Ver-Skryabiﬁ3 and depicted in Fig. 2b is not realized. But if the
tices, u;q, either the phase trajectories leave the stability rebare values of the system’s vertices satisfy the tetracriticality
gion of the Hamiltoniar(1) and a first-order phase transition condition, the only possible diagrams are those depicted in
takes place, or they end up at a stable fixed point from the sétigs. 2¢ and 2d. Thus, of all the phase diagrams discussed in
of the points considered above with a definite symmetry ofRefs. 3 and 5 and realized in homogeneous systems with two
the system. In their motion the phase trajectories may crosgrder parameters, only three types of phase diagram, those
regions in which the vertices meet the condition for tetra- ordepicted in Figs. 2a, c, and d, are realized in disordered sys-
bicriticality. As a result, in the critical region on the phase tems.
diagrams corresponding to the mean-field theory there ap- In conclusion we would like to express the hope that the
pear segments of curves representing first-order phase tradifferences in the multicritical behavior of homogeneous and
sitions. disordered systems with competing order parameters estab-

Determining the regions for the values of the vertiogs lished here will find their reflection in the design and analy-
of the replica Hamiltonian5) of a disordered systems in Sis of experiments on the multicritical behavior of the corre-
which the system is stable is complicated by the need t&ponding systems.
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