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Multicritical behavior of weakly disordered systems with two order parameters
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We present a field-theoretic description of phase transitions in weakly disordered systems with
two coupled order parameters. Using the two-loop approximation and the Pade´–Borel
summation technique, we carry out a renormalization-group analysis of the scaling functions for
three-dimensional systems and identify the fixed points corresponding to stable multicritical
behavior. We also study the effect of frozen point impurities on the nature of the phase diagrams.
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There is a broad class of systems in which the obser
phase transitions cannot be described by a single order
rameter transformed according to a single irreducible rep
sentation. This is especially evident in magnetic cryst
where the magnetic structure is described by two or m
irreducible representations~the antiferromagnets Cr2TeO6,
KCuF3, GdAlO3, MnF2, and the like!. Structural phase tran
sitions that require several order parameters for their desc
tion have been detected in KMnF3, boracites, and other sub
stances. The phase diagrams of such systems conta
singular multicritical point, which is either bicritical o
tetracritical.1,2 In the first case, two lines of second-ord
phase transitions intersect at this point, while in the sec
there are four lines of second-order phase transitions
intersect at this point. Near the multicritical point, the syst
exhibits specifically critical behavior characterized by co
petition of the different types of ordering. Here, if bicritic
behavior is realized, one order parameter expels the o
while tetracritical behavior allows for a mixed phase
which both types of ordering coexist.

The model Hamiltonian of a homogeneous system w
two coupled order parametersf and c belonging to two
different irreducible representations of dimensionalitiesn
andm has the form

H05E ddxH 1
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An analysis of the problem of phase transitions in suc
system was done by Lyuksyutovet al.3 and ~independently!
by Kosterlitz et al.4 in the one-loop approximation by th
Wilson renormalization-group technique within the scope
the «-expansion method, where«542d (d is the dimen-
sionality of the system!. Lyuksyutovet al.3 attempted to fol-
3251063-7761/99/89(8)/6/$15.00
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low the dependence of the multicritical behavior on the nu
bersn and m. However, numerous studies of systems w
one order parameter done in recent years suggest that us
the one-loop approximation~and the more so when use
within the«-expansion method! yields predictions that differ
substantially from real critical behavior. To establish t
situation with multicritical phenomena and to find the depe
dence of the multicritical behavior on the structure of t
order parameters, we used in Ref. 5 the two-loop approxi
tion to provide a field-theoretic description of a syste
whose Hamiltonian is~1!. We used the mass theory o
Parisi,6 which makes it possible to describe three-dime
sional systems directly, without resorting to the«-expansion.
Studies of critical phenomena have shown7 that such an ap-
proach provides the most meaningful description of criti
behavior and its use together with methods of summation
asymptotically convergent series yields extremely accu
results. In Ref. 5 we carried out a renormalization-gro
analysis of the scaling functions in the two-loop approxim
tion combined with the Pade´–Borel summation technique
and identified the fixed points corresponding to stable bicr
cal and tetracritical behavior.

For a system with two coupled order parameters th
are three types of stable fixed points corresponding to dif
ent values ofn andm. The corresponding domains of exis
tence in thenm plane obtained in the one-loop approx
mation3,4 are depicted in Fig. 1a and those obtained in
two-loop approximation5 in Fig. 1b. The fact that the patter
changes so dramatically indicates that there is little res
blance between the one-loop representation and real m
critical behavior. Note that the first type corresponds to
isotropic fixed point, at whichu1* 5u2* 5u3* and the Hamil-
tonian ~1! effectively coincides with the Hamiltonian of
system that has a single (n1m)-component order paramete
and completeSO(n1m) symmetry, which is higher than th
SO(n)3SO(m) symmetry of the initial system~this is a
manifestation of an asymptotic symmetry, due to fluctu
tions, at the multicritical point!. For points of the second
type, all three valuesui* are finite and may not coincide. Th
lowest symmetry of the initial Hamiltonian,SO(n)
3SO(m), corresponds to such points. Points of the th
type correspond to decoupled order parameters, sinc
© 1999 American Institute of Physics
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FIG. 1. The regions of stability of the fixed point
determined in Refs. 3 and 4 in the first order of th
«-expansion~a! and in Ref. 5 via the field-theoretic
approach in the two-loop approximation withd53
~b!.
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these pointsu3* 50. Here the higher symmetrySO(n)
% SO(m) corresponds to such points. According to Ref.
the edge of the stability region of an isotropic fixed point
the straight linen1m52.9088, i.e.,SO(2) is the highest
asymptotic symmetry of the system, and the domain of e
tence of points of the second type becomes so narrow th
contains only five physically interesting point. The app
ciable change in the values of the fixed points and in
conditions for their stability, established in Ref. 5, is respo
sible for an appreciable change in the phase diagrams in
critical region and results in other types of the symmetry
the system at the multicritical point.

We study the effect of frozen point impurities on th
multicritical behavior of a system with two coupled ord
parameters. As is well known,8 the disorder in a system gen
erated by the presence of frozen impurities manifests itse
the form of random perturbations of the local critical tem
perature or in the form of random fields. Because a rand
field breaks the symmetry of the system with respect t
change in the sign of the order parameter, the statistical p
erties of systems with this type of disorder differ substa
tially. Ferro- and antiferromagnetic systems containing n
magnetic impurity atoms in the absence of an exter
magnetic field may serve as an example of disordered
tems with a perturbation of the random-critical-temperat
type, while in a uniform magnetic field the presence of no
magnetic impurity atoms in anisotropic antiferromagn
manifests itself in the form of random fields.9 In the present
paper we study the multicritical behavior of system with
disorder of the random-temperature type. Such behavior
occur in disordered systems in which, as in MnAs~see Ref.
10!, a sequence of phase transitions is described by intro
ing two coupled order parameters of different nature, para
eters that correspond to the structural and ferromagn
phase transitions, or inXY-like antiferromagnets of the typ
of Cr2TeO6, KCuF3 , and the like,11 in which a multicritical
point appears in a zero external magnetic field. In some c
the description of the multicritical behavior of disorder
binary alloys consisting of atoms of two species with
mixed exchange interaction may correspond to the introd
tion of disorder of the random-critical-temperature type in
system with coupled order parameters.12,13

The effect of disorder of the random-temperature type
the multicritical behavior of the systems was studied
Izyumov et al.,12 Laptev and Skryabin,13 and Lisyanski� and
Filippov14 by the «-expansion method in the one-loop a
proximation. However, above we have clearly shown, us
,
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the example of a homogeneous system, that the predict
of the one-loop approximation do not agree with the r
multicritical behavior. In disordered systems one can exp
even larger discrepancies, a fact suggested by studies of
ordered systems characterized by a single order p
meter.15,16 For disordered systems described by the Is
model in the one-loop approximation, accidental degener
occurs in the system of renormalization-group equations
the interaction vertices. This makes it impossible to use
given approximation in studies of the unique class of dis
dered systems in which the presence of an impurity has a
effect on the characteristics of the critical behavior of su
systems. In the present paper we discuss the results of ap
ing the field-theoretic approach in the two-loop approxim
tion directly for three-dimensional systems.

The Hamiltonian of a system with two coupled ord
parameters that contains frozen impurities of the rando
temperature type can be represented in the form

H@f,c#5H0@f,c#1H imp@f,c#, ~2!

where H0@f,c# is the Hamiltonian of the homogeneou
system@Eq. ~1!#, and the termH imp@f,c#, which specifies
the interaction of the impurities and the order-parameter fl
tuations, can be written

H imp@f,c#5
1

2 E ddx@V1~x!f21V2~x!c2#. ~3!

Here theVi(x) are the potentials of the random field of th
impurities with a Gaussian distribution, whose correlators
the case of point impurities are given by the expressions

^^Vi~x!&&50,

^^V1~x!V1~x8!&&52u40d~x2x8!,

^^V2~x!V2~x8!&&52u50d~x2x8!,

^^V1~x!V2~x8!&&52u60d~x2x8!. ~4!

Applying the replica method, we can easily average over
random distribution of impurities and reduce the problem
statistically describing a weakly disordered system to tha
statistically describing a homogeneous system with the ef
tive Hamiltonian

Hrepl@f,c#5 (
a51

k

H0@fa ,ca#1
1

2 (
a51

k

(
b51

k

@u40fa
2fb

2

1u50ca
2cb

212u60fa
2cb

2 #, ~5!
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which containsk images~‘‘replicas’’ ! of the initial homoge-
neous componentH0 and a number of additional terms wit
impurity verticesu40, u50, andu60, which specify the effec-
tive interaction, via the impurity field, of the (k3n)- and
(k3m)-component order parameters. This statistical mo
is thermodynamically equivalent to the initial disorder
model in the limitk→0.

It is known that in the field-theoretic approach17 the
asymptotic critical behavior and the structure of the ph
diagrams in the fluctuation region are determined by
Callan–Symanzik renormalization-group equation for
vertex parts of the irreducible Green’s functions. To calc
late theb-functions ~the scaling functions! as functions of
the renormalized interaction verticesui ( i 51,...,6), which
enter into the renormalization-group equation, we use
standard method based on the Feynman diagrammatic
nique and the renormalization procedure.7 As a result, in the
two-loop approximation, we arrived at the following expre
sions for theb-functions:
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Perturbation-theory series are known to be asympt
cally convergent and the vertices of the interaction of
order-parameter fluctuations in the fluctuation regionr 1 ,r 2

→0, are large enough so that Eqs.~6! can be used directly
Thus, to extract the necessary physical information fr
these expressions we employed the generalized Pade´–Borel
method used for the summation of asymptotically converg
series. Here the direct and inverse Borel transformations g
eralized to the six-parameter case and retaining the symm
of the system have the form
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TABLE I. Values of the fixed points of a disordered system and the eigenvalues of the stability matrix.

n m u1* u2* u3* u4* u5* u6* bi ( i 51,...,6)

1 1 1.588 92 1.588 92 0 20.034 48 20.034 48 0 0.461260.222i , 0.0362,
0.461260.222i , 0.0362

1 2 1.588 92 0.938 32 0 20.034 48 20.000 26 0 0.461260.222i , 0.0183,
0.0183,0.6671,0.0017

1 2 1.588 92 0.934 98 0 20.034 48 0 0 0.461260.222i , 0.0172,
0.0172,0.6673,20.0017

1 3 1.588 92 0.829 62 0 20.034 48 0 0 0.461260.222i , 0.0834,
0.0834,0.1315,0.6814

1 3 1.588 92 1.283 57 0 20.034 48 20.070 98 0 0.461260.222i , 0.3266,
0.3266,5.9782,23.1324

2 2 0.938 32 0.938 32 0 20.000 26 20.000 26 0 0.6671,0.0017,0.0017,
0.0005,0.0005,0.6671

2 2 0.934 98 0.934 98 0 0 0 0 0.6673,20.0017,20.0017,
20.0017,20.0017,0.6673

2 3 0.938 32 0.829 62 0 20.000 26 0 0 0.6671,0.0017,0.0659,
0.0659,0.1315,0.6814

2 3 0.934 98 0.829 62 0 0 0 0 0.6673,20.0017,0.1315,
0.6814,0.0648,0.0648

3 3 0.829 62 0.829 62 0 0 0 0 0.6814,0.1315,0.1315,
0.6814,0.1315,0.1315
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i 1u2
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i 5u6
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5E
0

`

e2tF~u1t,...,u6t !dt,

~7!

F~u1 ,...,u6!5 (
i 1 ,...,i 6

ci 1 ,...,i 6

~ i 11¯1 i 6!!
u1

i 1u2
i 2u3

i 3u4
i 4u5

i 5u6
i 6 .

To analytically continue the Borel image of a function, w
introduce a power series in an auxiliary parameterl,

F̃~u1 ,...,u6 ,l!5 (
k50

`

lk (
i 1 ,...,i 6

ci 1 ,...,i 6

k!

3u1
i 1u2

i 2u3
i 3u4

i 4u5
i 5u6

i 6d i 11¯1 i 6 ,k , ~8!

to which we apply the Pade´ @L/M # approximation at the poin
l51. To calculate theb-functions in the two-loop approxi
mation, we use the@2/1# approximant. Multicritical behavior
is determined by the existence of a stable fixed point sa
fying the system of equations

b i~u1* ,u2* ,u3* ,u4* ,u5* ,u6* !50, i 51,...,6. ~9!

The requirement that a fixed point be stable reduces to
requirement that the eigenvaluesbi of the matrix

Bi , j5
]b i~u1* ,u2* ,u3* ,u4* ,u5* ,u6* !

]uj
~10!

lie in the right complex half-plane.
The resulting system of summedb-functions for eachn

andm contains a broad spectrum of fixed points. Table I li
stable fixed points of a system for the values ofn andm of
the uppermost interest to physics and a number of fi
points that are unstable in the two-loop approximatio
s-

e

s

d
,

which we will need in our further analysis. Table I also lis
the eigenvalues of the stability matrix for the correspond
fixed points.

An analysis of the nature of the fixed points and th
stability suggests the following: the presence of impurities
the system causes fluctuation decoupling of the order par
eters and ensures only one type of stable multicritical beh
ior, the tetracritical behavior with the common symmetry
the system beingSO(n) % SO(m). Here, for one-componen
order parameters (n5m51), the presence of impurities i
important and leads to a critical behavior with expone
corresponding to those of the disordered Ising model.16 As
for the cases withn51, m52, andn52, m52, although
calculations show that the fixed point with finite values
the impurity verticesu4* andu5* for both order parameters i
stable, we believe that in the higher orders of the approxim
tion the fixed point that is stable is the one at which, for t
same general effect of decoupling of the order paramet
the values of the impurity vertices are finite only for on
component order parameters. A possible indication of this
on the hand, the weak stability of fixed points of the first ty
accompanied by the weak instability of fixed points of t
second type and, on the other, that a similar situation ar
in the analysis of the effect of impurities on the critical b
havior of systems with one order parameter in the two-lo
approximation.18 For n,m>3 only the homogeneous fixe
point that is stable coincides with the third-type point of
homogeneous system is tetracritical in nature. Thus, w
the order parameters of the system are characterized
number of components that is larger than, or equal to, t
the presence of impurities has no effect on the characteris
of their critical behavior and the multicritical behavior
tetracritical.

The phase diagrams for the Hamiltonian~1! of a homo-
geneous system in the mean-field approximation~i.e., with-
out fluctuations! are well known~see, e.g., Ref. 3!. For in-
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FIG. 2. Possible phase-diagram types. The solid lines c
respond to curves representing first-order phase transiti
while the dashed lines correspond to curves represen
second-order phase transitions.
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stance, whenu3
2,u1u2 holds the tetracritical point is

realized, with the result that there cam be a mixed phase
fÞ0 andcÞ0. In the opposite case,u3

2>u1u2 , the phase
diagram has a bicritical point and there is no mixed pha
However, as shown in Refs. 3 and 5, allowance for fluct
tions may dramatically change the phase diagram in the c
cal region. To establish whether this is the case, we m
study the phase portrait of the system on the basis of
solution of the system of equations (r 5r 15r 2)

r
]ui

]r
5b i~uj !, ~11!

which specifies the phase trajectories in the space of the
ticesui . As r→0, depending on the bare values of the v
tices,ui0 , either the phase trajectories leave the stability
gion of the Hamiltonian~1! and a first-order phase transitio
takes place, or they end up at a stable fixed point from the
of the points considered above with a definite symmetry
the system. In their motion the phase trajectories may c
regions in which the vertices meet the condition for tetra-
bicriticality. As a result, in the critical region on the pha
diagrams corresponding to the mean-field theory there
pear segments of curves representing first-order phase
sitions.

Determining the regions for the values of the verticesui

of the replica Hamiltonian~5! of a disordered systems i
which the system is stable is complicated by the need
examine the limitk→0. However, allowing for the fact tha
the impurity verticesu40, u50, and u60 are proportional to
c(12c), wherec is the concentration of the impurity atom
and limiting ourselves to weakly disordered systems, we
sume that the former stability conditions (u10.0, u20.0,
andu30.2(u10u20)

1/2) and the conditions for tetracritical o
bicritical behavior are met, just as they are for a homo
neous system. The only additional condition imposed on
impurity verticesu40, u50, andu60 is that they be negative,
requirement that follows from the fact that the correspond
correlators in~4! are positive. In view of this, when we con
struct the phase portrait and the possible phase diagram
weakly disordered systems and allow for fluctuations in
multicritical region in the solution of Eqs.~11! with the
b-functions of~6! summed by the Pade´–Borel method, it is
sufficient to follow the changes in the values ofu1 , u2 , and
u3 and assume that they depend on the verticesu4 , u5 , and
u6 parametrically.

Because the presence of impurities in systems with
order parameters substantially limits the possible types
stable fixed points, the number of possible types of ph
diagrams changes dramatically in relation to that numbe
homogeneous systems. What is important in such chang
that for disordered systems there can be no phase diag
th
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with a bicritical point. For disordered systems with intera
ing fields whose vertices have bare values that meet the
criticality condition u30

2 >u10u20, critical fluctuations and
fluctuations of the local critical temperature destroy the s
bility of bicritical behavior and decouple the order param
eters. As a result, the phase diagrams with bicritical beha
outside the critical region contain segments of curves rep
senting first-order phase transitions, with the correspond
diagram being the one in Fig. 2a. The numerical solution
Eq. ~11! shows that for all bare values of the vertices,ui0 ,
lying in the bicritical region there can be no phase trajec
ries that take these segments to a stable fixed tetracri
point. As a result, the phase diagram predicted by Laptev
Skryabin13 and depicted in Fig. 2b is not realized. But if th
bare values of the system’s vertices satisfy the tetracritica
condition, the only possible diagrams are those depicted
Figs. 2c and 2d. Thus, of all the phase diagrams discusse
Refs. 3 and 5 and realized in homogeneous systems with
order parameters, only three types of phase diagram, th
depicted in Figs. 2a, c, and d, are realized in disordered
tems.

In conclusion we would like to express the hope that
differences in the multicritical behavior of homogeneous a
disordered systems with competing order parameters es
lished here will find their reflection in the design and ana
sis of experiments on the multicritical behavior of the cor
sponding systems.
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